C A Few Mathematical Skills

‘This appendix reviews the following math ical skills: powers of 10, scientific
notation, working with units, the metric system, and finding a ratio. You should
refer to this appendix as needed while studying the textbook, particularly if you
are having difficulty with the Mathematical Insights.

C.I Powers of 10
Powers of 10 simply indicate how many times to multiply 10 by itself. For exanple:
102 = 10 X 10 = 100
108 = 10 X 10 X 10 X 10 X 10 X 10 = 1,006,000

Negative powers are the reciprocals of the corcesponding positive powers. For
example:

10° 1,000,000

Table C.1 lists powers of 10 from 107 !2 to 10'2, Note that powers of 10 fol-
Tow two basic rules:

L. A positive exponent tells how many zeros follow the 1. For example, 10isa1
followed by no zeros, and 10% is 2 1 followed by eight zeros.

2. A negative exp t tells how many places are to the right of the decimal point,
including the 1. For example, 107! = 0.1 has one place to the right of the deci-
mal point; 1078 = 0.000001 has six places to the right of the decimal point.

Multiplying and Dividing Powers of |0

Multiplying powers of 10 simply requires adding exponents, as the following
examples show:

+ 7= = =101t
10% X 107 = 10,000 X 10,000,000, = 100,000,000,000 = 10

104 107 w0177 = 191
5% 103 = = =192
10% X 10 100,000 > 0.001 100 10
10° 1077 st =g

— % 10-F = (. 1, 0.00001 = 0.0000000000001 = 1012
1075 1075 = 000000001, %, 0.00001 = 0.606

0% 1075 R = g

At




Table C.1 Powers of 10

Power Value Name Power Value

10° 1 One

10! 10 Ten 107! 0.1

10?2 100 Hundred 1072 0.01

10° 1,000 Thousand 1072 0.001

108 10,000 Ten thousand 104 0.0001

10° 100,000 Hundred thousand 1073 0.00001

108 1,000,000 Million 1078 0.000001

107 10,000,000 Ten million 107 0.0000001

108 100,000,000 Hundred million 1078 0.00000001
10° 1,000,000,000 Billion 107 0.000000001
101 10,000,000,000 Ten billion 10-1e 00000000001
RUL 100,000,000,000 Hundred billion 101 0.00000000001
1012 1,000,000,000,000 Trillion 1071 0000000000001

Name

Tenth

Hundredth
Thousandth

Ten thousandth
Hundred thousandth
Millionth

“Ten millionth
Hundred millionth
Billionth

Ten billionth
Hundred billionth
Trillionth

Dividing powers of 10 requires subtracting exponents, as in the following
. examples:

10%
— - = =102
o 100,000 + 1,000 100 10
10% 105 0= 92
108 . =10~
o 1,000 + 10,000,000 =~ 0.0001 =10
104 107 1057 = 1074
10-4
= 0.0001 < D.000001 = 100 =10?
10— —— ——
1074 1076 0T =t

Powers of Powers of |10

‘We can use the multiplication and di
powers or to take roots. For example:

ion rules to raise powers of 10 to other

(109 = 10% X 107 X 10% = 103+4+4 = 1012
Note that we can get the same end result by simply multiplying the two powers:
(10%)° = 10952 = 1042

Because taking a root is the same as raising to a fractional power (e.g., the square
root is the same as the 1/2 power, the cube root is the same as the 1/3 power, etc.),
we can use the same procedure for roots, as in the following example:

VT = (104 = 1070 =102

Adding and Subtracting Powars of 10

Unlike with multiplication and division, there is no shortcut for adding or subtract-
ing powers of 10. The values must be written in longhand notation. For example:

106 + 167 = 1,000,000 + 100 = 1,000,100
10% + 1073 = 100,000,000 + 0.001 = 100,000,000.001
197 — 10° = 10,000,000 — 1,000 = 8,999,000
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Summary
We can summarize our findings using n and » to represent any numbers:
B To mudtiply powers of 10, add exponents: 107 X 107 = 1Q"+m
109
B To divide powers of 10, subtract exponents: —— = 10"~
07

M To raise powers of 10 to other powers, multiply exponents: (10")™ = 10"%m

C.2 Scientific Notation

When we are dealing with large or small numbers, it's generally easier to write
them with powers of 10. For example, it's much easier to write the number
6,000,000,000,000 as 6 < 1012, This format, in which a number between 1 and
10 is multiplied by a pewer of 10, is called scientific notation.

Converting a Number to Scientific Notation

We can convert numbers written in ordinary notation to scientific notation with a
simple two-step process:

1. Move the decimal point to come after the first nonzero digit.

2. The number of places the decimal point moves tells you the power of 10; the
power is positive if the decimal point moves to the left and negative if it moves
to the right.

Exattiples:

decimal needs to move

gy PRl w1t

decimal needs to move

4 places to right

0.00012 12X 1074

decimal nceds to move

2 places o left

226 X 107 (2.26 X 10%) X 102 = 2.26 % 10¢

Converting a Number from Scientific Notation

We can convert numbers written in scientific notation to ordinary notation by the
reverse process:

1. The power of L0 indicates how many places to move the decimal point; move
it to the right if the power of 10 is positive and to the fzft if it is negative.
2. If moving the decimal point creates any open places, fill them with zeros.
Examples:
mave decimal

401 x 107 2Bk todgn

mave decimal

3.6 106 LSO 5 500 000

move decimal

5.7 % 1073 PO RE o issr



Multiplying or Dividing Numbers in Scientific Notation

Multiplying or dividing numbers in scientific notation simply requires operating
on the powers of 10 and the other parts of the number separately.

Examples:
(6 10%) X (4 X 10%) = {6 X 4) X (102 X 10°) = 24 X 107 = (24 X 10') X 107 = 2.4 X 108
42% 073 102
—0—_ I s %10 05X 10°= (5% 1071 X 107 = 5% 10?
g4x 1078 ga " 070

Note that, in both these examples, we first found an answer in which the
number multiplied by a power of 10 was not between 1 and 10. We therefore
followed the procedure for converting the final answer to scientific notation.

Addition and Subtraction with Scientific Notation
In general, we must write numbers in ordinary notation before adding or subtracting.
Exampies:
(3% 105) + (5 X 102) = 3,000,000 + 500 = 3,000,500 = 3.0005 X 10°
(4,6 % 10% = (5 X 10%) = 4,600,000,000 — 500,000,000 = 4,100,000,000 = 4.1 X 10°
When both numbers have the sarme power of 10, we can factor out the power
of 10 first.
Examples:
{7 X101 + (4 X 107%) = (7 + 4) X 100 = 11 X 10!% = L.1 X 10"
(23X = (16X 1073 =23~ 16) X 1077 =07 X 1072 =70 % 107

C.3 Working with Units

Showing the units of a problem as you solve it usually makes the work much
easier and also provides a useful way of checking your work. [f an answer does not
come oul with the units you expect, you prebably did something wrong. In gen-
eral, working with units is very similar to working with numbers, as the following
guidelines and examples show.

Five Guidelines for Working with Units
Before you begin any problem, think zhead and identify the units you expect for
the final answer. Then operate on the units along with the numbers as you solve
the problem. The following five guidelines may be helpful when you are working,
with units:
1. Mathematically, it doesn’t matter whether a wnit is singular (e.g., meter) or
plural {¢.g., meters); we can use the same abbreviation (e.g., m} for both,
2. You cannot add or subtract numbers unless they have the same units.
For example, 5 apples + 3 apples = 8 apples, but the expression
5 apples + 3 oranges cannot be simplified further,
3. You can multiply units, divide units, or raise units to powers. Look for key
words that tell you what to do.
B Persuggests division. For example, we write a speed of 100 kilometers per

hour as:
km km
100— 100—
T
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B Of suggests multiplication. For example, if you launch a 50-kg space
probe at a launch cost ¢f$10,000 per kilogram, the total cost is:

soy{x-sl%?omssmﬁoo

B Square suggests raising to the second power. For example, we write an
area of 75 square melers as 75 m?,

B Cube suggests raising to the third power. For example, we write a volume
of 12 cubic centimeters as 12 cm>.

4. Often the number you are given is not in the units you wish te work with. For
example, you may be given that the speed of light is 300,000 km/s but need it
in units of m/s for a particular problem. To convert the units, simply multiply
the given number by a conversion factor: a fraction in which the numerator {(top
of the fraction) and denominator {bottom of the fraction) are equal, so that
the value of the fraction is 1; the number in the denominator must have the
units that you wish to change. In the case of changing the speed of light from
units of km/s to m/s, you need a conversion factor for kilometers to meters,
Thus, the conversion factor is:

1,000 m
1km

Note that this conversion factor is equal to 1, since 1,000 meters and 1 kilo-

meter are equal, and that the units to be changed (km) appear in the de-

nominator. We can now convert the speed of light from units of km/s to m/s

simply by multiplying by this conversion factor:

1,000 m
1

speed of light comversion from  speed of light
in knfs kmtom inm/s

300,000"‘-%6 % = 3% 10“‘%

Note that the units of km cancel, leaving the answer in units of m/s.

5. I’s easier to work with units if you replace division with multiplication by the
reciprocal. For example, suppose you want to know how many minutes are
represented by 300 seconds, We can find the answer by dividing 300 seconds
by 60 seconds per minute:

3005 + coi,
min
However, it is easier to see the unit cancellations if we rewrite this expression
by replacing the division with multiplication by the reciprocal (this process is
easy to remember as“invert and multiply”}:

-
3005 + 60 —— = 3004 X ﬁ'« Smin
mn .
et
and multiply

We now sec that the units of seconds (s) cancel in the numerator of the first
term and the denominator of the second term, leaving the answer in units of
minutes.



More Examples of Working with Units
Example 1. How many seconds are there in 1 day?
Solution: We can answer the question by setting up a chain of unit conversions in
which we start with 1 day and end up with seconds. We use the facts that there are
24 hours per day (24 hr/day), 60 minutes per hour (60 min/hr), and 60 seconds
per minute (60 s/min):

1t % upE sopif E"; = 86,4005

A,

surting comversion  comversion  conversion
walue from from from
dayohe  hriomin mintos

Note that all the units cancel except seconds, which is what we want for the answer.
There are 86,400 seconds in 1 day.

Example 2. Convert a distance of 10% cm to km.

Solution: The easiest way to make this conversion is in two steps, since we know
that there are 100 centimeters per meter {L00 cm/m} and 1,000 meters per kilo-
weter {1,000 m/km): .

1 1km 1
W em % —— % = 10%ar % 2;1( PRLL L=t
100cm,” 1,000 m 108 1050
e JO0E,
sarting  conversion  conversion
value from. from
antom  mickm

Alternatively, if we recognize that the number of kilemeters should be smaller
than the number of centimeters (because kilometers are larger), we might decide
to do this conversion by dividing as follows:
106 + A0Sm 1000 m
m km
In this case, before carrying out the calculation, we replace each division with
multiplication by the reciprocal:

[ 1 1k
108 em < 100G L LOOM gy LM LR
m km W00em  1,000m
1 1km
= x ®
100 X g IC3
=107 km

Note that we again get the answer that 10% cm is the same as 10% km, or 1,000 km.
Example 3. Suppose you accelerate at 9.8 m/s? for 4 seconds, starting from rest.
How fast will you be geing?

Solution: The question asked *how fast?” so we expect 1o end up with 2 speed.
Therefore, we multiply the acceleration by the amount of time you accelerated:

m m x4 m
B— X 45 = (98X 4 =392—
98sz s={ )7— 5

Note that the units end up as a speed, showing that you will be traveling 39.2 m/s
after 4 seconds of acceleration at 9.8 m/s%.
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Table .2 51 (Metric) Prefixes

Example 4. A reservoir is 2 km long and 3 km wide. Calculate its area, in both
square kilometers and square meters.

Solution: We find its area by multiplying its length and width:
2km X 3 km = 6 km?

Next we need to convert this area of 6 km? to square meters, using the fact that
there are 1,000 meters per kilometer (1,000 m/km}. Note that we must square the
term 1,000 m/km when converting from km? to m?%

n mz

2
5 = 6ot X Le)uo,ooow

6km? % [ 1000 -] = 6 km? % 1,000°
m T

000,000 m*

The reservair area is 6 km?, which is the same as 6 million m2.

C.4 The Metric System (SI)

The modern version of the metric system, known as Sysréme Iiternationale
d'Unites (French for “International System of Units”) or 81, was formally established
in 1960. Today, it is the primary measurement system in nearly every country
in the world with the exception of the United States. Even in the United States,
it is the system of choice for science and international commerce.

‘The basic units of length, mass, and time in the S are:

B The meter for length, abbreviated m
B Thekilogram for mass, abbreviated kg
B The second for time, abbreviated s

Multiples of metric units are formed by powers of 10, using a prefix to indi-
cale the power. For example, kile means 107 (1,000), so a kilometer is 1,000 me-
ters; a microgram is 0.000001 gram, because nricro means 1076, or one millionth.
Some of the more common prefixes are lsted in Table C.2.

Metric Conversions

Table C.3 lists conversions between metric units and units used commonly in the
United States. Note that the conversions between kilograms and pounds are valid
only on Earth, because they depend on the strength of gravity.

Table £.3 Metric Conversions

Prefix
Deci
Centi
Milli

Micro

Nano

Abbreviation

4

5 = 3

L]

Value
10!
[
1072
10-*
107
19712

Abbreviation | Value Tinch = 2.540 cm 1em = 0.3937 inch
da 10! 1foot = 0.3048 m 1'm = 3.28 feet
h 102 1yard = 09144 m I m = 1.0%4 yards
k 10* 1 mile = 16093 km 1 km = 0.6214 mile
M 19° 1 pound = 04536 kg 1 kg = 2.205 pounds.
G 0%
T 102
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Example 1. International athletic competitions generally use metric distances.
Compare the length of a 100-meter race to that of a 100-yard race.

Solution: Table C.3 shows that 1 m = 1094 yd, so0 100 m is 109.4 yd. Note that
100 meters is almost 110 yards; a good “rule of thumb” to remember is that dis-
tances in meters are about 10% longer than the corresponding number of yards.

Example 2. How many square kilometers are in | square mile?

Solution: We use the squarc of the miles-to-kilometers conversion factor:

2
(1 mit)x (‘—-f ‘]”m‘"') = (1 p) (1.50933
e

Therefore, 1 square mile is 2.5898 square kilometers.

C.5 Finding a Ratio

Suppose you want 1o compare two quantities, such as the average density of the
Earth and the average density of Jupiter. The way we do such a comparison is by
dividing, which tells us the ratie of the two quantitics. In this case, the Earths
average density is 5.52 grams/em? and Jupiter's average density is 1.33 gramsfom®
(see Table 11.1), so the ratio is:

average density of Earth 552 glerii® —ii
average density of Jupiter 133 ghni®

Notice how the units cancel on both the top and bottom of the fraction. We can
state our result in two equivalent ways:

M The ratio of the Earth's average density to Jupiter's average density is 4.15.
B The Earth’s average density is 4.15 times Jupiter's average density.

Sometimes, the quantitics that you want to compare may each involve an
equation. In such cases, you could, of course, find the ratio by first calculating each
of the two quantitics individually and then dividing. However, it is much easier if
vou first express the ratio as a fraction, putting the equation for one quantity on
top and the other on the bottom. Some of the 1erms in the equation may then
cancel oul, making any calculations much casier.

Example 1. Compare the kinetic energy of a car traveling at 100 km/hr to that of a
car traveling at 30 km/hr.

Solution: We do the comparison by finding the ratio of the two kinetic energies,
recalling that the formula for Kinetic energy is 112 mv?, Since weare not told the
mass of the car, you might at first think that we don’t have enough information to
find the ratio, However, notice what happens when we put the equations for each
kinetic energy into the ratio, calling the two speeds v, and vy:

)
M AR

All the terms cancel except those with the two speeds, leaving us with a very sim-
ple formula for the ratio. Now we put in 100 km/hr for v, and 50 km/hr for v,:
KE carat 100 kewihe (100 ksweffir \F
K.E.<ar at 50 kav/he Snﬁ 3
‘The ratio of the car’s kinetic energics at 100 km/hr and 50 kmv/hr is 4. That is, the
car has four times as much kinetic energy at 100 km/hr as it has at 50 km/hr.

2=y
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Example 2. Compare the strength of gravity between the Earth and the Sun to the
strength of gravity between the Earth and the Moon.

Solution: We do the comparison by taking the ratio of the Earth-Sun gravity to
the Earth-Moon gravity. In this case, each quantity is found from the equation of
Newton's law of gravity. (See Section 5.3.) Thus, the ratio is:

A
Barth-Sungravity _ © (lpypesed)® | Msy o Wenosom)
Earth-Moon gravity ﬁ ﬂM;; " (earnsun)® Myoan
[C—
Note how all but four of the terms cancel; the last step comes from replacing the
division with multiplication by the reciprocal (the “invert and multiply” rule for

division). We can simplify the work further by rearranging the terms so that we
have the masses and distances together:

Earth-Sungravity Moy, o (g »?
Earth-Moon gravity  Myypen  (frinsun)”
Now it is just a matter of looking up the numbers (see Appendix E) and calculating:
Earth-Sun gravity _ 199 X 10900 (3844 % 1Ry
Earth-Moon gravity | 7.35 X 1095k (149.6 X 100Ja)?

In other words, the Earth-Sun gravity is 179 times steonger than the Earth-Moon
gravity.




